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■ n を自然数，p を 0 < p < 1 をみたす実数とするとき，次を簡単にせよ．

(1)

n∑
k=0

nCk p
k (1− p)n−k

(2)

n∑
k=0

k nCk p
k (1− p)n−k

(3)

n∑
k=0

k (k − 1) nCk p
k (1− p)n−k

（解） 二項係数 nCk の定義より，1 ≤ k ≤ n のとき

k · nCk = k · n!

k! · (n− k)!
= n · (n− 1)!

(k − 1)! · {(n− 1)− (k − 1)}!
= n · n−1Ck−1

であるから，2 ≤ k ≤ n のとき

k · (k − 1) · nCk = n · (k − 1) · n−1Ck−1 = n · (n− 1) · n−2Ck−2

となる．変数変換 ℓ = k − 1，m = k − 2 と二項定理より

n∑
k=0

nCk p
k (1− p)n−k ={p+ (1− p)}n = 1,

n∑
k=0

k nCk p
k (1− p)n−k =

n∑
k=1

n n−1Ck−1 p
k (1− p)n−k = n p

n−1∑
ℓ=0

n n−1Cℓ p
ℓ (1− p)(n−1)−ℓ

=n p {p+ (1− p)}n−1 = n p,
n∑

k=0

k (k − 1) nCk p
k (1− p)n−k =

n∑
k=2

n (n− 1) n−2Ck−2 p
k (1− p)n−k

=n (n− 1) p2
n−2∑
m=0

n−2Cm pm (1− p)(n−2)−m

=n (n− 1) p2 {p+ (1− p)}n−2 = n (n− 1) p2

が得られる．
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