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●　自然数 n，m に対して，次が成り立つことを証明せよ．

(1) m nCm = n n−1Cm−1

(2) nCm = n−1Cm + n−1Cm−1

(3) n+1Cm+1 = mCm + m+1Cm + · · ·+ nCm

（解） (1)，(2)： n! = n (n− 1)! より

m nCm =m · n!

m! · (n−m)!
= m · n · (n− 1)!

m · (m− 1)! · (n−m)!
= n · (n− 1)!

(m− 1)! · (n−m)!

=n · (n− 1)!

(m− 1)! · {(n− 1)− (m− 1)}!
= n n−1Cm−1,

nCm =
n!

m! · (n−m)!
=

n · (n− 1)!

m! · (n−m)!
=

(n−m) · (n− 1)!

m! · (n−m)!
+

m · (n− 1)!

m! · (n−m)!

=
(n− 1)!

m! · (n−m− 1)!
+

(n− 1)!

(m− 1)! · (n−m)!
= n−1Cm + n−1Cm−1

となる．

(3)： (2) を帰納的に適用し，m+1Cm+1 = 1 = mCm であることを用いると，

n+1Cm+1 =nCm+1 + nCm = n−1Cm+1 + n−1Cm + nCm

=n−2Cm+1 + n−2Cm + n−1Cm + nCm = · · ·
=m+1Cm+1 + m+1Cm + m+2Cm + · · ·+ n−1Cm + nCm

=mCm + m+1Cm + m+2Cm + · · ·+ n−1Cm + nCm

となる．
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